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Abstract - Measurements of the Knudsen accommodation coefficient for energy (a4J with the hot-wire 
instrument require a correction for the effect of intermolecular collisions in the gas. Traditional methods for 
this correction are discussed, and a new one is proposed. In the low-pressure regime, the uncertainty of the 

evaluated ah4 can be reduced to a few percent or less. 
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NOMENCLATURE 

Chapman-Enskog function for heat 
conduction ; 
phase space density ; 
=f(r,, + v), v, > 0, outgoing and 
ingoing f at wire surface; 
correction term in f(r, v); 
= n&/4, equilibrium molecular flux 
hitting and leaving the wire surface; 
Boltzmann constant ; 
scattering kernel in linearized 
Boltzmann equation; 
intermolecular scattering operator; 
= 21,/15kj, mean free path; 
unknown length of order 1; 
mass of molecule; 
= (m/2nkTo)“2 exp( - mu212 kT,), nor- 
malized Maxwellian at temperature 
Tn : 

ponents at wire surface; 
= (8 kTo/7cm)“2, mean molecular speed 
at To. 

Greek symbols 

%jt Knudsen accommodation coefficients 
of wire surface; 

Y? = 0.511 . . .) Euler’s constant ; 
AT = To - T,, temperature difference be- 

tween wire and outer wall; 
E 

i 
small parameter ; 
temperature-jump coefficient at wire 
surface ; 

‘9 heat conductivity ; 
V, scattering rate; 

4i3 flux of Qi. 

Subscripts 
1, 2, 3, 4, I, labels of Qi; 

= p/kT,, number density of gas at T = 

To ; 
pressure ; 
surface scattering kernel; 
surface scattering operator; 
heat flux from wire to gas ; 
dynamic quantities ; 
= mv2/2kTo - 2, reduced energy; 
radial co-ordinate ; 
radii of wire and of outer wall; 
position vector ; 
correction to l/m,, ; 
true or extrapolated gas temperature; 
temperatures of wire surface and of 
outer wall; 
velocity vector ; 
radial and azimuthal velocity com- 

0, 1, 

Superscripts 

+, -9 

* 

Abbreviations 

AC, accommodation coefficient ; 
LTE, local thermodynamic equilibrium. 

THE KNUDSEN accommodation coefficients (ACs) [l, 
21 refer to exchange rates of dynamic quantities Qi 
between a gas and a surface under specific near- 
equilibrium conditions. That is, we assume the distri- 
bution incident upon the surface under consideration 
to be of the form 

wire surface and outer wall, 
respectively. 

referring to outgoing and ingoing dis- 
tributions and fluxes at wire surface; 
referring to outgoing flux in case of 
perfect accommodation. 

1. INTRODUCTION 

*Work supported by the U.S. National Science Foun- f- =fj = n,M(v)[l + cQj(v)], E << 1. 
dation under Grant INT71-01746. 

(I) 

tNow at the Center for Electrooptics, ‘Iskra’, Ljubljana. The notation refers to a monatomic gas, to which we 
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shall restrict ourselves. The AC for quantity Qi under 

disturbance of typej is then defined by the flux ratio, 

The dynamic quantities of primary importance are 

the components of momentum and the energy of the 
molecule. For the sake of convenient calculation each 

of these quantities (Qt,. . ., Q_,) is made dimensionless, 
and redefined so that the average over a Maxwellian 

flux in equilibrium with the surface vanishes, 

<Qj> = l d3uu,M(v)Qj(v) = 0. (2) 

This convention allows a compact expression for the 

ACs in terms of the surface-scattering operator, 

aij = <Qi(l - p)Qj> 
(QiQj> 

= aji, (3) 

pQj(v) = 
s 

d3u’J’( - v --) v’)Qj(v’). 
“, > 0 

Subject of the subsequent discussion is the AC for 

energy (x4& which twice refers to 

Q4(v) = mv2/2kTo - 2. 

The quoted review paper [2] should be consulted for 

further details regarding the above definitions and 

formulae. 
As explained in the monograph by Goodman and 

Wachman [1] and in the literature cited therein, the 
standard tool for measuring ah4 is the hot-wire 

instrument. It consists of a thin heated wire inside a 
coaxial tube, with the wire also serving as a resistance 
thermometer. Under free-molecular conditions, for 

small AT/T, and large rl/ro, and after radiative and 
end losses have been subtracted, the energy AC for the 
wire surface is expressed in terms of measured quan- 

tities as follows, 

ah4 = q/2jkAT 

Ideal conditions are never attained in practice, and 
one therefore has to extrapolate to AT- 0. Further- 
more, extrapolation to the free-molecular regime, or, 
alternatively, an analysis accounting for intermol- 
ecular collisions must be carried out. In either case 
we may speak of a pressure correction. It represents 

the most difficult part in the evaluation of measure- 
ments, and the one most likely to introduce errors. 

Three distinct regimes characterized by the relative 
magnitude of the mean free path are of particular 
interest: 

free-molecular: ri << I, 

low pressure : r. c 1 cc I,, 

high pressure : 1 c ro, 

It turns out that in the free-molecular regime, for 
convenient size of the apparatus and at not too low 
temperatures, radiative energy transfer is dominant, so 

that heat conduction is difficult to measure. This is 
why, in general, higher gas densities must be chosen, so 
that pressure corrections become inevitable. The tradi- 
tional methods for doing this will be discussed first 
(Section 2), and then a refined correction proposed on 
the basis of known results from kinetic theory (Section 

3). We assume that all other corrections have already 
been taken care of, and in particular that AT is 

sufficiently small to be negligible for higher-order 
effects. Further restrictions will be that To/r, -K I and 
l/r, << 1, so that any terms of such orders can be 

neglected. The free-molecular regime is thereby ex- 
cluded from subsequent discussion. 

2. TRADITIONAL CORRECTION METHODS 

Evaluation of measurements in the high-pressure 

regime usually proceeds either by the mean-free-path 
(MFP) or temperature-jump (TJ) methods [l]. The 

first also applies to low pressures. In both cases we rely 
upon local thermodynamic equilibrium (LTE) to hold 
within the gas, except for the transition layers close to 

the wire and the outer wall. The thickness of these 
layers is of the order of a mean free path. 

In the MFP method it is assumed that the distri- 
bution incident upon both surfaces is Maxwellian, 
however with such temperatures as are attributed to 
the LTE regions at r = r. + Lo and r = rl - L,, 
respectively. The somewhat uncertain distances Lo, 1 
are of the order of a mean free path. It is convenient to 

extract from the evaluated heat flux an expression for 

the reciprocal AC, 

1 2kjAT 4 r. r, - L, -_=- - Isr lny-L. (4) 
x44 4 0 0 

A term of the order To/r1 has been neglected here. 
In the TJ method, the logarithmic temperature 

profile is extrapolated to the boundaries, and the 
differences with respect to surface temperatures ex- 
pressed in terms of extrapolated gradients. We only 
need the jump at the wire surface, 

T(r,) - To = U’kd, 

which leads to 

jL L r0 r0J 

A term (‘Jr, = l/r, has been neglected in the brackets. 

Equation (6) only becomes useful if a reliable ex- 
pression for the jump coefficient [ in terms of accom- 
modation coefficients and surface curvature is 
available. 

For very high gas densities even the wire surface can 
be considered as flat. A rough value for < is then 
obtained by Maxwell’s method, which consists in 
replacing the incident molecular distribution by the 
extrapolated LTE distribution [3]. The LTE distri- 
bution may be further approximated by taking the 
Chapman-Enskog term proportional to 
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QAU) = (&)‘r’u,(fg - 2) 
which corresponds to the first Chapman-Cowling 
approximation [4] and happens to be exact for the 
BGK model [5]. The resulting expression can be 
written in the form 

The correction term 

R = z4i/2aq4, (8) 

which corresponds to Welander’s 3k [6], unfor- 
tunately contains a second-order accommodation 
coefficient a41, defined in the way of equation (3) by aid 
of Qi. The value (7) with expression (8) substituted, is 
too small by about 10 %, as may be inferred from more 
accurate variational results [7, 81. Hence it pre- 
sumably does not matter much ifahA is set equal to a44, 
as is often tacitly done. That is, the TJ-approximation 
used for high pressures is simply R = t. 

A suitable expression for a&’ is obtained by sub- 
stituting equation (7) into (6), 

1 2jkAT 4 r. rl 
-=P-ZTlnr+R. 
a44 4 0 

(9) 

It will be convenient to keep equation (7) as a 
definition for R, so that any formula for evaluating a4., 
can be cast into the form (9). Thereby the task is 
reduced to the calculation of the correction term R. 
Evidently this term depends upon various accom- 
modation coefficients for the wire surface. As soon as 
the finite curvature of the surface must be taken into 
account, a dependence upon the ratio r,/l also shows 
up, so that R = R(aij,r~~~~. 

Little information about R can be obtained from the 
MFP result (4), except that R * $ Lo/I = O(1) for the 
high-pressure regime and 

for low pressures. Incidentally, Hurlbut’s evaluation 
on the basis of the moments method of Lees and Liu 
[9] leads to R = 0, which is correct only in the limit of 
r,/l -+ 0, according to equation (10). 

3. IMPROVED CORRECB’ION 

Except for very small values of a44, none of the 
above correction methods is fully satisfactory, because 
of the uncertainty involved. Especially for the low- 
pressure regime, which is often favoured by experimen- 
talists, there definitely is a need for a more reliable 
method. Known solutions of the appropriate 
boundary-value problem for the Boltzmann equation 
[6, lo-121 can be used for this purpose. We are going 
to choose a (slightly modified) generalization of 
Maxwell’s method due to Cercignani and Tironi [lo, 

131. While this is not the most accurate method 
available, it does offer the desired degree of expediency 
and flexibility. Writing the distribution function as 

f(r, v) = uoMfv)[l + h(r, v)], 

we have the following form of the iinearized 
Boltzmann equation, 

v . Vh(r, v) + v(u)h(r, v) 

= 
s 

d3u’K(v + v’)h(r, v’) = &(r, v). (11) 

Important general properties of the scattering oper- 
ator are [5] : 

M(v)K(v + v’) = M(v’)K(v’ + v), (12) 

(v - R)l = 0, (v - R)v = 0, (v - R)t? = 0. 

(13) 

Within the LTE region, where the temperature gra- 
dient only slowly varies, the solution approximately 
has the Chapman-Enskog form, 

h(r, v) = T(r;; To [Q4(o) - +] 

ii2 VT(r) 
v .7A(v). (14) 

0 

The function A(u) satisfies the inhomogeneous 
equation 

(v - IZ)vA = v(Q4 - $), (15) 

and the constraint 

s 
d3vM(v)uZA(u) = 0 (16) 

assuring that the gas is at rest. For the BKG model 
with constant collision rate (v = rc$61), A is given by 

(m/2 kT,)“* VA(V) = Q4(u) - ), (17) 

which otherwise may be used as an approximation. 
Close to the wire, where the temperature gradient 

strongly varies, expression (14) ceases to obey the 
Boltzmann equation. Hence no good approximation 
can be expected from extrapolating this expression 
down to the wire surface. According to Cercignani and 
Tironi [lo], it is better to first undertake one iteration 
of the integral version of the linearized Boltzmann 
equation [Sj. Since this is equivalent to letting each 
molecule suffer one collision, the procedure should 
take us closer to the steady-state solution. 

If the outer surface is many mean free paths away, 
the mentioned equation states that 

s 

3c 
h- = h(r,, -v) 1 I$>0 = dt e- “* &(r, + vt, v), 

0 

where r,, represehts a point on the wire surface and vt 
measures the path along the chosen trajectory. With 
expression (14) substituted, the integral yields the 
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desired approximation for the incident distribution 

(19) 

Equations (13) and (15) have been taken into account, 

and a partial integration has been carried out. Sub- 

stituting the logarithmic temperature profile, 

T(r) = T(r,) - y In :, 
. r. 

(20) 

and definition (5), we finally have 

15 

vAJ(v, roP) , (21) 1 
J 

J(v, roll) = vdre-dj!,n:, (22) 
0 r0 

r2 = (r. + LJJ)' + (v,t)'. 

The scattered distribution is obtained from (21) by 

aid of the surface-scattering operator [2], 

h+ = h(r,,v)/ v,,. = ph-. (23) 

Both parts of the distribution function are then used to 

express the heat flux at the wire surface in terms of a 
Maxwellian-flux average, as in equation (2), 

q = j($mc’(h’ - h-)) = -j(fmc2(1 - p)h-). 

With h- from equation (21), [from equation (7) and i. 
= yljk we obtain, after some cancellation and re- 

shuffling, an expression for the correction term in 
equation (9) 

The definition (3) has been invoked, and a new AC 
invented referring to QJ = (m/2 kTo)“2 (vAJ - 
(vAJ)). To have a check, we consider the high- 
pressure limit l/r, --t 0 when J -+ r,/vI. With A and v 
from the BGK model, the value (8) is immediately 
recovered. 

Much too little is known about gas-surface scatter- 
ing to make any use of such weird ACs as the aqJ. 
However, as (24) is only a rough approximation 
anyway, we may take recourse to the widespread 
opinion that for the same gas-surface pair the various 
ACs have similar values. For strong accommodation 
(aij close to 1) this is true trivially. On the other hand, if 
ah4 is small, the first right-hand term in equation (9) is 
dominant, so that errors in R are unimportant. We 

therefore cancel the ACs in equation (24) and accept 

12 
\ vAJ 
/ 

(25) 

as the final approximation. 
For small roll we find that 

J=~~n~$-,) 

, (26) 

where u, = (L$ + I$)*” is the velocity component in 

the cross-sectional plane. By manipulating equation 
(22) and substitution into (25), one can show that 

Equation (26) leads to 

al = (B), b, = <B[ln(c,lvl) - r]>, (28a) 

a2 = (Bc,vl/~,2), 

(28b) 
b2 = ((Bc,vl/af)[ln(~,/vl) - 7 + 11). 

where B(v) = &Q4(m/2kTo)“2 VA. For hard spheres 
and the BGK model, respectively, the values of the 
first few coefficients are: 

a, = 0.6689, b, = -0.4616, 

a, = 0.6482, b, = 0.0572, 
(29a) 

a, = 4115, b, = 0.0246, 

a2 = 0.1396, b, = 0.0748. 
(29b) 

As already observed, R vanishes in the limit as 
roll -+O irrespectively of the model, so that 

[ ---* 15 1/4u,,. To understand this physically, we notice 
that molecules hitting the wire had their last collision 

within a layer a few mean free paths thick. According 
to equation (20), the extrapolated temperature within 
this layer hardly varies, so that T(r,) should now be 
regarded as a true temperature. Except for a tiny 
stream of molecules scattered by the wire, there is 
almost equilibrium within this layer. The regime is 
similar to a free-molecular one, except for the modified 
temperature of the incident distribution. The result R 
= 0 follows from this argument in a straightforward 
manner. 

Two of the four integrations demanded by equa- 
tions (22) and (24) can be carried out analytically, so 
that a double integral is left for numerical work. This 
has been done for the hard-sphere model, with the data 
for A(r) from Pekeris [14], and for the BGK model, cf. 
equation (17). The BGK results agree with those 
deduced from values of the heat flux calculated by 
Cercignani and Tironi for large ratios r,/r,,. The 
semilogarithmic plot (Fig. 1) also shows values of R 
derived from the more accurate variational results of 
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FIG. 1. Correction term for evaluation ofa,,, in dependence of 
the reciprocal Knudsen number. Solid curves - values from 
equation (25) for hard spheres and for the BGK model ; circles 
-fromdatain[ll];-.-.--fromdatain[12];---- 

from Eddington’s method. 

Bassanini et al. [ 1 l] and of Lang and Loyalka [ 121 for 
the same model. (The latter values are for CI = 1.) 

As we have noticed, the approximate R obtained 

from the generalized Maxwell method does not de- 
pend upon the degree of accommodation if Maxwell’s 

model for gas-surface scattering is adopted. Likewise, 
the calculations by Bassanini et al. fail to yield any 

such dependence, because of an oversimplified boun- 

dary condition. In fact, however, accommodation does 
have some influence, as one can show by Eddington’s 

method [13]. For high pressures, hard-sphere mo- 
lecules, and Maxwell’s boundary condition the result is 

R z 0.387 - 0.22,; + 0.057 - 0.088; 
> 

tl, (30) 

where the coefficients have been derived by numerical 
integration. Unfortunately the method is too tedious 

to be of use for lower pressures ; therefore, only the 
uppermost parts of the two extreme curves have been 

plotted. 

4. COMMENTS 

Before the data on Fig. 1 can be used for carrying out 
pressure corrections, one ought to worry about the 
differences between the various curves. Significant 
errors may originate not only from using a rough 
approximation, but also from adopting too crude 
models for intermolecular and gas-surface scattering. 

Switching from BGK to hard spheres shifts the curve 

towards the left, whereas improved approximations 

result in a shift to the right. Since real molecules are 

closer to hard spheres than to BGK, errors from taking 
the BGK model and from taking the generalized 
Maxwell method should partly compensate, so that 
the lower solid curve on Fig. 1 appears as a reasonable 

choice for practical use. However, we have to discard 
the upper part of the curve, where Eddington’s method 
has disproved the limit R + $ and also revealed 

considerable dependence upon accommodation. Little 
difficulty of this kind is to be expected for small r,/l, 
since the limit R + 0 on this side is exact. 

For r,/l < 0.25, that curve is reasonably well repro- 

duced by equation (27) with the coefficients from (29b). 
For 0.25 < roll < 4, the empirical fit 

R = 0.509 In ? + 0.245 

can be recommended. In either case the curves on Fig. 

1 indicate that the absolute error in the evaluated R is 
not likely to be larger than about 0.05, and less for very 
small r,/l. In case of strong accommodation, the 

corresponding error in CQ., from equation (9) amounts 

to at most 5 %. If for some reason high pressures must 

be used (say r,/l > lo), Eddington’s approximation 
may be applied, with a44 iteratively substituted for tl in 
equation (30). In case of weak accommodation one 

need not worry, even if R is burdened with a somewhat 
larger uncertainty, because this term then only in- 
significantly contributes to l/a,,. 

If the disappointingly large uncertainty of the 
pressure correction is to be made smaller, one should 

not rely upon specific values of the coefficients in 

equation (27) but attempt a least-square fit instead. 
That is, one ought to measure q for different pressures 
(all low enough) but for the same wire temperature. 

After evaluating 

2jkAT 4 r. rl 

4 
-GT~nl=~-R 

0 a44 

1 .V 
=-- r0 

a44 = (-1 

n 
I 

1 I 
a,ln-+ b, 

1 

, (31) 
“=I r0 

where the truncated expansion (27) is substituted as a 
tentative approximation, one should determine the 
optimal values of c144 as well as of a, and b,, n 
= 1,2,. ., N. It suffices to take N = 1 and N = 2 for 
roll < 0.1 and for roil < 0.25, respectively, if the values 
of R on Fig. 1 are to be matched to with kO.005. This 

corresponds to an uncertainty of at most +0.5 % in 
CLAN. Errors due to other causes are presumably smaller 
still, since such a method is likely to reach a close fit to 
the correct curve. Higher pressures cannot be recom- 
mended, because too many terms in equation (31) 
would be required. 

A word must be said about possible generalization 
to polyatomic gases. Formally this looks simple 
enough: the factor 2k in equation (4) and elsewhere 



must be replaced by (C, + ik), where CI is the heat 
capacity per molecule. However, such a procedure is 
subject to doubt because rotational and vibrational 

energy is exchanged less vigorously in intermolecular 
collisions than translational energy [ 151. Con- 
sequently, in the region close to the wire one would 

have to reckon with quasi-LTE. described by different 
temperature profiles for internal and translational 

degrees of freedom. Two or several different jump 
coefficients would show up. Partial accommodation 

coefficients [2] would presumably be involved in the 

analysis, so that measurements at different pressures 
might yield a clue about these otherwise elusive 

coefficients. Further theoretical investigation is needed 

before reliable conclusions can be made in this respect. 
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CORRECTION POUR LA PRESSION EN MESURE DU COEFFICIENT 
D’ACCOMMODATION DE L’ENERGIE 

RCumC - La mtsure du coefficient Knudsen d’accommodation de I’tnergie (add) avec I’instrument a fil 
chaud exige une correction pour les collisions intermoleculaires dans le gaz. Les methodes traditionelles pour 
cette correction sont discuttes, et une nouvelle mtthode proposee. Pour le regime des basses pressions 

Tincertitude de Tab, obtenu ainsi peut &tre reduit au-dessous de quelques pourcents. 

DRUCKKORREKTUR BE1 MESSUNGEN VON 
ENERGIEAKKOMMODATIONSKOEFFIZIENTEN 

Zusammenfassung -- Bei Messungen des Knudsenschen Akkommodationskoeffizienten fur Energie (ad4) 
mit dem Hitzdrahtinstrument muReine Korrektur angewendet werden,dieden St&en der MolekiileimGas 
Rechnung tragt. Die zu diesem Zweck iiblichen Methoden werden diskutiert und eine neue Methode 
vorgeschlagen. Fur das Niederdruckregime kann man die Unsicherheit des so bestimmten ad4 unter wenige 

Prozent herabdriicken. 

KOPPEKTYPA IlO AABflEHMM B M3MEPEHMIIX K03@QMHWEHTA 
AKKOMOflALHiR 3HEPFMM 

AmtoTaqnap B H3MePeHWlX KHyACeHOBCKOrO K03$I@iUUeHTa BKKOMOABUUU 3HeprWi (1& IIOMOmbK) 

AHCTPYMeHTa C Ha&ETOfi IlpOBOJlO'JKOfi HyaHaR KOppeKTypa IlO Me~MOJICKyAXpHHM CTOJIbKHOBeHWRM 

B El?e.&iCKyTyeTC5l ~paARUHOHWIbHble MeTOAbI AAX STOii KOppeKTypH A Fi~AJIWaeTCff HOBbIfi MeTOA. 

Ann pemu~a Manor0 naanenw~ Bo3Moxoro CHwx~b HeonpeAeneHHocTb nonywworo q4 wfxe 

HeCKOJIbKO IlpOUeHTOB. 


